Using Pade´approximations of Heine's q-hypergeometric series we obtain new irrationality measures for the values of the series P 1 n¼1 t n =W n ; where W n is a Fibonacci or Lucas type arithmetical form satisfying the recurrence 
INTRODUCTION AND RESULTS
Let W n be the arithmetical form W n ¼ W n ðr; sÞ ¼ aa n þ bb n ; n 2 N; ð1Þ
1 To whom corrrespondence should be addressed.
Thus ðW n Þ is a second-order recurrence sequence satisfying
In the sequel we may suppose without a loss of generality that jaj > jbj: Let W n a0 for all n 2 N; then 
where ja=bj m > jb=aj: Let I be an imaginary quadratic field, then we shall investigate some arithmetical properties of the values of the function W r;s ðtÞ; t 2 I n =fa nþ1 = b n j n 2 Ng; when ðW n Þ is a Fibonacci or Lucas type solution of recurrence (3) and r; s 2 Q n : By the Fibonacci and Lucas type solutions we mean the sequences ðF n Þ and ðL n Þ; respectively, where
The Fibonacci ðf n Þ and Lucas ðl n Þ sequences, where
are included into the Fibonacci and Lucas type sequence classes, respectively. Be´zivin's [3, 5] general theorems on linear independence imply irrationality results for the class of series (4) , where a 2 I Z ; jaj > 1; a ¼ b ¼ 1; b 2 I n =fÀa n j n 2 Z þ g; t 2 I n =fba n j n 2 Zg: ð6Þ
On the other hand, Borwein [6, 7] settling Erdo¨s' conjecture proved quantitative irrationality of (4), when
In Bundschuh and V€ a a€ a an€ a anen [8] and Matala-aho and V€ a a€ a an€ a anen [14] , (6) and (7) are generalized to arbitrary number fields and in case (7) Borwein's irrationality measure 8.667 is improved to 4.311 in [8] and to 3.947 in [14] . Andre´-Jeannin [1] proved the irrationality of the series W r;AE1 ; when a and b are given by (2) and r 2 Z=f0g; t 2 Z=f0g; jtjojaj;
thus including the Fibonacci sequence ðf n Þ case. Linear independence measures of q-exponential function and its derivatives in [8] imply an irrationality measure 8.621 for the Fibonacci case of (4). Approximation measure results in [14] give (4) . Here we mention the following trancendental series [11, 16] :
as examples. About the transcendence character of series (4) it is known that, if a and b are algebraic numbers satisfying ab ¼ 1 and t ¼ 1; then series (4) has transcendental value in the Lucas type case by Nesterenko's results [11, 15] .
We shall state Theorem 1 only in the case r > 0; because aðÀr; sÞ ¼ Àbðr; sÞ and bðÀr; sÞ ¼ Àaðr; sÞ give W n ðÀr; sÞ ¼ ðÀ1Þ n W n ðr; sÞ: Thus the relation W Àr;s ðtÞ ¼ W r;s ðÀtÞ transfers the approximations from the case r > 0 to the case ro0:
Let us set r ¼ R=d and s ¼ S=d; where d; R 2 Z þ and S 2 Z=f0g: Theorem 1. Let ðW n Þ be given by (1), where d; R and S satisfy [8, 14, 17] , respectively, will be improved considerably. In all the three papers cited the approximation formulae have connections to Pade´approximations of the q-logarithm series
In the first two papers considerations are done in number fields and also the functional equation method, i.e. the iterations of the functional equation ð1 À tÞl q ðqtÞ ¼ ð1 À tÞl q ðtÞ À t of l q ðtÞ is used, while in the third paper only rational number field is used without the use of functional equation method. Also in this paper we use the Pade´approximations of l q ðzÞ (actually a more general q-series will be studied) without functional equation method. Now the corresponding functional equation
is used only to determine the analytic continuation (5) of series (4). Here we consider the coefficients of the denominator polynomial more carefully and the detailed study of the divisibility of the numbers F n and the Fibonomials enables us to get a sharp irrationality measure 2.874 in the Fibonacci type case.
Theorem 2F. Let r 2 Z=f0g; if s ¼ 1; and r 2 Z=f0; AE1; AE2g; if s ¼ À1; and t 2 I n =fa nþ1 =b n j n 2 Ng: Then there exists a positive constant N 0 such that
for all M; N 2 Z I with jNj5N 0 :
In the Lucas type case we need to transform divisibility questions of the numbers L n to the divisibility of cyclotomic polynomials and via that the earlier measures 21.12 by Pre´vost [17] and 47.33 by Va¨a¨na¨nen [18] will be improved substantially.
Theorem 2L. If r; s; t are as in Theorem 2F, then there exists a positive constant N 0 such that
To prove Theorems 2 we shall need the following common factor results, which are known in the Fibonacci type case, see [9] . The Lucas type case seems to be new. Theorem 3. Let r; s 2 Z=f0g; then
where
2. q-FACTORIALS AND W -NOMIALS Let ðb; aÞ 0 ¼ 1; ðb; aÞ n ¼ ðb À aÞðb À aqÞ . . . ðb À aq nÀ1 Þ; n 2 Z þ and ðaÞ n ¼ ð1; aÞ n be the q-series factorials, so, e.g. ðqÞ n ¼ ð1 À qÞ . . . ð1 À q n Þ: Further, the q-binomial coefficients are
and it is well known (see [2] ) that (16) implies
Also we shall use the W -nomials (Fibonomials) defined by
for all k; n 2 N with 14k4n À 1 for any recurrence sequence (3) .
Let now r; s 2
Þ and its ring of integers
e. a and b are field conjugates in K satisfying the equation a 2 À ra À s ¼ 0: We shall need several times the following special case of the symmetric polynomial behaviour in conjugate points such that, for the completeness, we shall include a proof of it. Lemma 1. Let Pðx; yÞ 2 Z½x; y be such that Pðx; yÞ ¼ Pðy; xÞ: Then Pða; bÞ 2 Q and, if a; b 2 Z K ; then Pða; bÞ 2 Z:
Proof. Let g ¼ Pða; bÞ: By taking the conjugates and using the symmetry we get % g g ¼ Pð% a a; % b bÞ ¼ Pðb; aÞ ¼ Pða; bÞ ¼ g;
Lemma 2. Let r; s 2 Z and let ðF n Þ be a Fibonacci type solution of recurrence (3). Then
Proof. When we set q ¼ b=a; then (16) shows that
Now a; b 2 Z K and by the definition n k F 2 Q: Let us suppose that
for a given n: Then (19) shows that
proving (18) by induction. ]
Also we note another proof of Lemma 2 in [9] .
Lemma 3. Let r 2 Z þ and s 2 Z=f0g satisfy (8)
Proof. Now d ¼ 1 and so condition (8) implies
Thus 
By (25) we get
Let us denote
Using (29) it follows easily that
giving the relation g ¼ F i k; where g; k 2 Z; proving the divisibility The proof of Be´zivin needs slight modifications to get the upper bounds for least common multiples in the form of (23). ]
Proof of Theorem 3. The divisibility property (14) for Fibonacci type numbers is proved in [9] .
Let us start from the Fibonacci type numbers
is the dth cyclotomic polynomial. Thus, e.g. for all h 2 N; n 2 Z þ ; where lðkÞ ¼ 0 or lðkÞ ¼ 1: First we note that (36) and (39) give another proof of (14) . Now we have to look for a common factor of the products
Clearly,
Let us study the factors E l of (42), where 24l4½n=2: Let l be fixed and define
to denote the numerator and denominator exponents v N and v D of E l in (42). Because 2k þ 1jL if and only if 2k þ 1j2L it follows that
The even indexed E l ; l ¼ 2k; has the exponent v N ð2kÞ in the numerator at least to ½n=k and v D ð2kÞ in the denominator at most to ½n=ð2kÞ þ 1:
Thus there exist y þ 1 numerator indices 2L i ; i ¼ 1; . . . ; y þ 1; and y numerator indices 2ðL j þ kÞ; j ¼ 1; . . . ; y; such that
in all the cases. By (42), (43) and (45) each product in (40) has the factor
We shall prove that
Multiplication of the expressions
where N ¼ ½n=2; shows (47), which implies by induction that
PADÉ APPROXIMATIONS
The series
ðBÞ n ðCÞ n z n is a special case of Heine's q-series having the closed form ðn; nÞ Padeá pproximations constructed in [13] .
Lemma 5 (Matala-aho [13] ). Let
and R n n ðzÞ ¼ z 2nþ1 q n 2 ðqÞ n ðBÞ nþ1 ðB; CÞ n ðCÞ 2nþ1
Then there exists a polynomial P n n ðzÞ of degree 4n such that Q n n ðzÞf ðzÞ À P n n ðzÞ ¼ R n n ðzÞ: ð52Þ
Now we shall set B ¼ Àb=a;
ðf ðt=aÞ À 1Þ;
Q n ðtÞ ¼ a n a 3n 2 þn 2 Q n n ðt=aÞ; P n ðtÞ ¼ a n a Thus we get the approximation formula Q n ðtÞW ðtÞ À P n ðtÞ ¼ R n ðtÞ; ð53Þ where
and R n ðtÞ ¼ ðÀabÞ
2 À1 S n ðtÞ; S n ðtÞ ¼ ðqÞ
Lemma 6. Let r; s 2 Z and let ðW n Þ be a sequence defined by (1) such that W n 2 Z for all n 2 N: Then q nk 2 Z 8k; n 2 N ð04k4nÞ: ð57Þ
Proof. By Lemma 2 the Fibonomials in Proof. First, we note that
In the Fibonacci type W ¼ F cases the both Fibonomials in (61) are integers by Lemma 2. Thus
Also we could use result (14) to prove (62).
In the Lucas type cases the W -nomials are not integers and thus we have to look more carefully divisibility properties of Lucas type sequences. Clearly, result (15) of Theorem 3 gives a common factor
for the coefficients
So, in the Fibonacci and Lucas type cases we have (60) by (62) and (63). ]
Now we set t ¼ u=v; where u; v 2 Z I =f0g;
in order to get the numerical approximation forms q n W ðu=vÞ À p n ¼ r n ; q n ; p n 2 Z I 8n 2 N ð66Þ
by Lemmas 4-7.
Lemma 8. Let r 2 Z þ ; s 2 Z and let ðW n Þ be a sequence defined by (1) such that W n 2 Z=f0g for all n 2 N: Then 
Proof. Using (21), (23), (54), (60) and estimates for q-binomials from [13] we get In the remainder r n the term S n ðu=vÞ goes to the limit as n ! 1: Thus (21), (23), (56) and (60) give the following estimation:
Lemma 9. Let ðW n Þ be a series defined by (1) such that W n 2 Z=f0g for all n 2 N and abrsta0: Then
Proof. By (53)-(56) we get The following Lemma 10 may be proved analogously to theorem in [14] . However, here we need to use only the imaginary quadratic field I: Lemma 10. Let F 2 C and y > 1: Let q n F À p n ¼ r n ; q n ; p n 2 Z I 8n 2 N be numerical approximation forms satisfying q n p nþ1 À p n q nþ1 a0; ð72Þ jq n j4y 
Lemma 10 together with (77) and (78) gives
Suppose then that r ¼ R=d and s ¼ S=d; where d; R 2 Z þ and S 2 Z=f0g: Now the recurrence is dW nþ2 ¼ RW nþ1 þ SW n ; where we set W n ¼ V n =d n : The sequence ðV n Þ satisfies Replace then r; s and t by R; dS and dt; respectively, in (4), (76) Finally, we note that in the Fibonacci type cases the value cðF Þ ¼ 1:437 gives irrationality results in more general framework than the previous value cðF Þ ¼ 1:974 in [14] .
